
1884 AIAA JOURNAL VOL. 7, NO. 10

Theoretical Study of Propellant Behavior during
Thrust Chamber Depressurization

TSUYOSHI HlROKI* AND EDWARD A. FLETCHERf
University of Minnesota, Minneapolis, Minn.

A mathematical model that permits computation of burning rates of solid-propellant
rocket motors during pressure transients is presented. The conservation equations in the
solid and the gas phases are coupled with the chamber over-all mass balance equation. The
method is used to compute the burning rate behavior during rapid depressurizations. The
results of the computations are used to obtain dP/dt—extinguishment limits of solid propel-
lants in terms of appropriate parameters. The agreement with the experimental quenching
limit data is good.
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Superscripts
* = nondimensionalizing quantity
(~) = real quantity ^
0 = standard reference state

Subscripts
/ = adiabatic flame property
g = in the gas phase
i = ambient
pr = products
r = reactants
s ., = in the solid phase
t = throat
v = vent
w = at the surface
1 = initial steady operating state of the system
2 = steady operating condition corresponding to the ex-

panded nozzle area
oo = used with T means flame temperature during a transient

Introduction

SOLID-PROPELLANT rocket motors can be quenched by
a rapid decrease of the chamber pressure. Depressuriza-

tion can be achieved by enlarging the throat. If depressuriza-
tion is fast, the motor will quench even though the steady-state
burning chamber pressure corresponding to the enlarged
throat is above the low-pressure limit of stable combustion.
Ciepluch1'2 determined critical depressurization rates needed
to quench typical ammonium perchlorate composite propel-
lants. The critical depressurization rate was almost propor-
tional to the initial chamber pressure; the critical time was
nearly independent of the initial chamber pressure.

Information about burning rates during pressure transients
should be helpful in understanding this phenomenon. Von
Elbe3 proposed a model to predict transient burning rates
during moderately fast pressure changes. He assumed that
the temperature profiles in the solid were the same as those of
the steady state at the corresponding burning rate and that
the heat flux from the gas phase is the same as that in the
steady state at the corresponding burning rate. He derived



OCTOBER 1969 PROPELLANT BEHAVIOR DURING DEPRESSURIZATION 1885

an equation for the transient burning rate in an explicit form.
His burning rate is determined by the instantaneous chamber
pressure and its time derivative; burning rates during de-
pressurizations are lower than the steady-state burning rates
at the corresponding pressures. The quench limit was as-
sumed to be the point at which the burning rate becomes zero.
The essential feature of von Elbe's model can be understood
with reference to the integral form of the energy equation in
the solid,

CG(TW - Ti) = fs- dq/dt
where/s is the heat flux to the grain just inside the propellant
surface, and q is the internal energy in the solid. Since dq/
dt is positive during depressurization, if fs has its steady-state
value at the corresponding burning rate, the burning rate G
during depressurization must be smaller than the steady-state
rate.

Since dq/dt was evaluated from the steady-state tempera-
ture profiles, it had a nonzero value at I = 0 (the time when
depressurization started). Thus, this model predicts a dis-
continuous change in the burning rate at I = 0 if dP/dt under-
goes a discontinuous change. However, dq/dt evaluated from
the solution of the nonsteady heat conduction equation is
zero and, hence, the burning rate does not change discontin-
uously; applicability of this quasi-steady model to a rapid
depressurization process, especially up to a quench point, is
questionable.

A small perturbation method4 has also been used in model-
ing nonsteady combustion in connection with combustion in-
stability to compute5 the first-order response of the burning
rate to depressurization.

Solid-propellant rocket motors can also be quenched by re-
duction of the chamber pressure to below some critical pres-
sure in the phenomenon called L* extinguishment.6 The de-
pressurization rate is immaterial. Coates, Polzien, and Price7

have discussed combustion termination by nozzle area varia-
tion. Both kinds of quenches were considered. They im-
plicitly assumed that the critical depressurization time ob-
served with one motor is valid for another. This _is probably
not true. Consider two extreme cases. If P^/Pi is nearly
one, even extremely large depressurization rates may not
produce a quench. If it could be achieved at all, it could be
done only with_ a very small chamber free volume. On the
other hand, if P2/Pi is nearly zero, a very small depressuriza-
tion rate may produce a quench. Thus, the limit depends, not
only on the depressurization rate, but on the motor configura-
tion as well. This paper presents a method of computing
burning rates during rapid depressurization. The effects of
motor geometry are included by coupling the conservation
equations in the gas and solid phases with the chamber mass
conservation equation. The results of the burning rate com-
putations are used to determine quench limits, which are cor-
related here in a way that has greater generality than critical
time data. Additional details, including computer programs
are described elsewhere.8

Mathematical Model

A one-dimensional model is used. A one-dimensional model
is probably valid for most configurations because the flame is
thin compared with typical motor dimensions. Thermody-
namic and transport properties are assumed constant. A
single-step reaction of the order n (which may have fractional
values) is assumed. Molecular weights of gaseous reactant
and product are assumed equal. The propellant surface
temperature is assumed to stay constant. No solid phase re-
action is considered. The burning rate is determined as a
connecting coefficient of the conservation equations io the
solid and gas phases which satisfies the boundary conditions
imposed at the propellant surface.

In the gas phase the continuity equation is

Continuity for the reactant is given by

p bmr/dZ + G dmr/dz - p£> d2mr/dx2 = Wr(pr,T) (2)

where

Wr = -Kpr
nexp(-E/T)

is the rate of formation of the reactant.
The diffusion-thermo effect and kinetic energy of the gas are

assumed negligible. If heat capacities of reactant and product
are the same, the energy equation is

pCP -^ + GC, df
dx

The flame is thin compared with the expansion wave
caused by enlargement of the exhaust nozzle. The chamber
pressure is, therefore, assumed to be uniform; the momentum
equation can be removed.

The boundary conditions at the propellant surface are de-
rived from

Continuity of mass flux:

ft© = G.(Qf)
Continuity of temperature :

T.(0,I) = Ta(0,t) =
Continuity of species mass flux:

(4)

(5)

(6)
Energy balance:

ks(bT/bx)s,w = kg(bT/bx)g>w - AhwGs(t) (7)
Let the enthalpy of the gas be

h = CPT + mrA/i0

Combination of Eqs. (2) and (3) yields, if the Lewis number is
assumed to be one,

p bh/bt - bf/bt + G bh/bx - (ktt/Cp) b*h/bx* = 0 (8)
with the boundary condition at the propellant surface,

(hr<> + CPTW - A/Oft - k, r

E (9)Gshw -

In the solid, with the space coordinate fixed with respect to
the solid, the energy equation is

psC oT/dt = ks

with the boundary condition,

T = T, at x = - I ^dt

(10)

(H)

Since the chamber pressure is not a prescribed function of
time, these equations must be coupled with the chamber con-
servation equations. If depressurization is achieved by a
sudden enlargement of the exhaust nozzle area, the depres-
surization rate depends on the enlarged nozzle area. It has
been shown that the pressure vs temperature relation in the
chamber during depressurization has minor effects on the
burning rate vs chamber pressure relationship.9 It is there-
fore assumed for simpliciy that the over-all chamber tem-
perature stays constant. The ambient pressure is assumed to
be zero. Then the mass conservation equation for the whole
chamber is given by8'9

bp/ot + = 0 (1)
1 /P2\(1-w) dP = /M'1-*' A

PiCl2\Pj "dt \fj G,
_ (12)
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where Ci2 is a constant that depends on propellant properties
and motor geometry.

In the derivation of Eq. (12), the steady-state burning rates
were assumed to follow the Vieille equation. It turns out that
the present model, if applied to the steady state, produces the
same steady-state burning rate equation.

To nondimensionalize the equation, the following nondi-
mensionalizing quantities are selected:

p* = pi; r* = ftt; G* = ft; E* = Tw; h* = CPTW

xs = x* = kg/CPG!
Different lengths were used in the solid and gas phase be-

cause the characteristic thermal layer thicknesses are dif-
ferent in the two phases, t* is chosen such that dP/dt =
— 1 at t = 0. Then t* is the characteristic time for the de-
pressurizations. It is given by t* = r/Ci2(l — r). The result-
ing nondimensional form of governing equation follows. In
the gas phase,

[Day/(y - 1)] (5/5«) (P/r) + = 0

D ( _ T ^ p a r _ a p
\7 - 1 T dt dt

A - p-ElT

(13)

(14)

and

where

and

DQ = Pd

A =
The boundary conditions at the propellant surface become

ft(0 = 0,(0,0 (16)

!T.(0,*) = ^(0,0 (17)

(C/CP)(5!T/5a;).>w = (5T/dz)^ - AhwGs(t) (18)
and

. - £ (f )s

In the solid,

Ds 57V5* =
where

Ds = pJc,/Ct*Giz

with the boundary condition

(19)

(20)

Letr = (P2/Pi)(1~w). Equation (12) becomes

(1 - r)dP/<fc = rG - P

(21)

(22)

All time-dependent terms are associated with Ds and Dg.
These parameters determine the magnitude of the departure
of nonsteady burning rates from steady-state values. Ds and
Da represent the ratios of the temperature response times in the
solid and gas phases to the characteristic time for depres-
surization. If one assumes as representative values C =
0.3 cal/g°C; Cp = 0.5 cal/g°C; k, = 9.8 X 10~4 cal/°C

sec cm; ka = 2.0 X 10 ~4 cal/°C sec cm; Tw = 900°K;
and ps = 1.7 g/cm3;

Ds = 5.54 X 10~3/ft2£*

Dtt = 1.465 X 10~9Pi/ft2£*
where ft is in g/sec cm2, t* is in sec, and PI is in psia.

_Typical ammonium perchlorate propellants quench when
dP/dt is about 7 X 104 psi/sec at PI = 500 psia. At the
quenching limit, then, Ds = 0.827 and Dg = 1.0 X 10 ~4.

The nondimensionalizing quantities were chosen so that all
the derivatives and reaction terms are of the order one in the
nondimensional equations. One may conclude the following:
when Pi c^500 psia, ft ~1 g/cm2 sec, and if dP/dt < 103 psia/
sec, the whole process is quasi-steady and the burning rate
follows the steady-state law. If 104 psia/sec < dP/dt < 107

psi/sec, relaxation time in the gas is still negligible, but it can-
not be neglected in the solid. If dP/dt > 108 psi/sec, relaxa-
tion times are not_ negligible in either phase. Since the
quench occurs at dP/dt ~ 105 psi/sec, the terms associated
with Dg can be neglected in this study. Then the gas phase
equations (14) and (15) are reduced to

G dT/dx - d*T/dx* - A (P/T)nmr
ne-ElT = 0 (23)

and
G dh/dx - d*h/dx* = 0 (24)

Since Eqs. (23) and (24) are ordinary differential equations,
the boundary condition at x = °o must be evaluated.

Solution

The solution of Eq. (24) that assumes finite values at x = oo
is h = C2. The constant C2 can be evaluated at x — oo . Since
mr = 0 at x = oo

h = T +
Combination of Eqs. (25) and (19) gives

(25)

- Ahw - - 1) = (C/Cp)(l/(7)(5!F/5a0.tW (26)
The variation of Tm with time is given by Eq. (26). In the
quasi-steady case, the right-hand side of Eq. (26) stays con-
stant. Hence, Tm does not change. In the nonsteady state,
the right-hand side increases with time ; hence Tm decreases.

The preceding argument is based on the assumption that
the time-dependent term in the gas phase is completely neg-
ligible in the entire space. However, the time-dependent term
is the same order of magnitude as the other terms far from the
propellant surface; the time-dependent terms predominate
and the solution of the Eq. (14) at x = oo is

p(T-D/^7 = const

This is the isentropic relationship. This occurs very far
from the surface, possibly outside the motor. The tempera-
ture of the gas at a distance where the time-dependent term
is the same order of magnitude as the rest of the terms does not
decrease as much as described by Eq. (26). The time-de-
pendent terms also become nonnegligible near the end of the
depressurization process. Hence, Eq. (26) gives the lower
limit of Tm. As an upper limit, constant flame temperature
(Tm = Tf) will also be considered. Actual processes will be
between these two limits. Except near the end of the de-
pressurization process the lower limit is probably closest to
reality.

We define the new variables

y = (l/G)dT/dx and f - Tm - T
Then, elimination of mr from Eqs. (23) and (25) gives

(27)
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During the depressurization X may decrease. For small values
of X, the solutions of Eq. (27) are given by asymptotic series
of the form8

INITIAL TEMPERATURE PROFILE

(28)

The values at the propellant surface are obtained if ^Lo,
etc. are evaluated at j-w = (T^ — 1). They are given by

/•£ £n
2 Jo " (r, - e- exPl--

etc. Comparison with the solution obtained by a finite-dif-
ference method indicated that asymptotic series (28) yields
the best approximation when the first five terms are retained.
It should be noted that A0j AI, etc. are functions of Tm.

Combination of Eqs. (28) and (18) gives

_C^ _X_ /dT7

Gp .r71 \ OX
(29)

where

F(\,Tm) =

If the temperature gradient in the solid at the propellant sur-
face is evaluated, Eq. (29) can be solved for X and the burning
rate is given by

G = (X/X0)P»/2 (30)

The solution of the solid phase equation (20) with the mov-
ing boundary condition (21) is given by the use of a moving
point heat source.

For convenience, the direction of the x coordinate is re-
versed so that the positive direction is toward the solid phase.
The whole x space ( — 0 0 < x < °o) is used.

If new time r and temperature (6) scales are used, Eq. (20)
becomes

The initial values of 6 are given by the solution of the
steady-state equation. Hence,

6 =
»r* at x > 0

L a t z <0
(32)

The initial values for x < 0 were chosen so that the tempera-
ture was uniform outside the solid. To satisfy the boundary
condition (21), a moving heat source with the strength 0 is
distributed along the trajectory of the propellant surface posi-
tion (curve S of Fig. 1) on the x — t plane.8 Then the solution
of Eq. (31) is given by the use of Green's function. The result
s

where

= 6a(x,r) Tf
w (33)

Fig. 1 Moving
heat source co-

ordinates.

and

0a(x,r) = f " 0(x'fl)Ki(x,x',T,Q)dx'
J — oo

Points (X'W,T'W) are on curve S. The first integration 6a is
given explicitly by

l/2

Along curve S, 6 = 1 ; hence Eq. (33) becomes

T'uMT'vdJTv, (35)

Points (XW,TW) and (X'W,T'W) are given by

dxw/drw = G(rw}] dx'w/dr'w = G(r'w) (36)

Equation (35) is the integral equation for <^ if (r is a known
function of time. Initial condition (32) and boundary condi-
tion (21) gives

(37)- Tr)](dT/dx)s,w
Combination of Eqs. (37) and (29) yields

J (38)

The burning rate is determined such that Eqs. (35, 36, and
38) are simultaneously satisfied. This can be done by follow-
ing the numerical procedure outlined below.

Numerical Procedure

Suppose the computation has been completed up to r = rm.
Then rm+i, PTO+i, 0m+i, Xw,m+i, Tm>m, and Gm+i are determined
in the following way. Integration of Eq. (33) is split into two
parts, from T = 0 to T = rm and from T = rm to r = rm+i.
The latter integral is approximated by

n+l r-rm+l

J Tm

Assuming constant G from rm to rm+i,

(39)

(40)

The integral becomes

—— T-'^l1/2

l — Xw,m I vTm^*7"

) erf[GUAr)1/2/2]

Then Eq. (35) becomes

*"• V* ±- erf [Gm(Ar)"V2] =
^ Crm

1 — 0a(xWtm+l,Tw,m+l) ~ K Ki(xw>m+l,x'w,Tw>m+l,T'w)dTf

(41)

The integral on the right-hand side can be evaluated numeri-
cally. Then 4>m+i can be obtained from Eq. (35). Pm+\ is
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0.2 0.4 0.6 0.8

Fig. 2 Variation of burning rate with pressure during de-
pressurization at various depressurization rates. The
upper part of the figure shows the gross effect. The lower
part is a detailed view of the lower left-hand corner. The
straight line originating at the origins is the mass flux
through the expanded nozzle, n = 1.0, E = 5.56, Ahw =
0, Ps/Pi = 0.1, E = 5000°K, T; = 300°K, T. = 900°K, T/ =

2700°K, C = 0.3 cal/g°K, Cp = 0.5 cal/g°C.

given by

Pm+i = Pm+ [Ds/(l - r)](rO - P)Ar

Xm+i is obtained by solving

(C/CP)(l - T^m+1 Xo/P^/li = F(\m+l, TM) (42)

For the constant flame temperature model Tmjm+i = Tf.

0.2_____0.4_____0.6_____0.8_____1.0

Fig. 4 Variation of flame temperature with chamber
pressure during depressurization (variable temperature

model). Initial conditions same as in Fig. 2.

For the varying flame temperature model, from Eq. (26)

Tm,m+i = Tf- (C/Cp)(l - Ti)[(<t>m+l/Gm+i) - I] (43)

The burning rate is given by

Gm+l = (Xw+1Ao)P™+in/2 (44)

In the actual computation, a predictor-corrector method was
used to improve the accuracy.

Results

_ The input variables for the burning rate computations are
Ti, Tw, Tf, E, Ata, C/CP, Pi/Pi, and Ds. Each took about
three minutes on the Control Data 6600 computer. Com-
puted burning rate vs chamber pressure curves are shown in
Figs. 2 and 3 for typical cases. Figure 2 is for the constant
flame temperature and Fig. 3 is for the variable flame tem-
perature model. The upper figures show the over-all picture
of the burning rate behaviors. The lower figures show the
detailed behavior near the origin. If the burning rate be-
comes equal to the mass flow rate through the expanded
nozzle, the chamber pressure will climb up to P2 and a
burn-out results. The computations were terminated when
\dP/dt\ < 0.002 in burn-out, or G < 0.01 in a quench. In

Fig. 3 Variation of burning rate with pressure during de-
pressurization at various depressurization rates (variable
temperature model). Same initial conditions as in Fig. 2.

Fig. 5 Quench limits obtained with constant and variable
flame temperature models. Initial conditions same as in

Fig. 2.
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Fig. 6 Effect of heat of vaporization on the quench
limit (constant flame temperature model). Same initial

conditions as in Fig. 2.

Fig. 4, the flame temperature is plotted against chamber
pressures for typical cases. The flame temperature decreases
considerably during depressurization, especially in a quench.
In all cases, burning rates during depressurization are smaller
than the steady-state values at the corresponding chamber
pressures. The decreases in the burning rates are more dras-
tic in the variable flame temperature model. A quench oc-
curs when the value of Ds exceeds some critical value. The
results of the burning rate computations were used to con-
struct the quenching limit curve on the Ds — P2/Pi plane.
The result is shown in Fig. 5 for a typical case. It is seen
that the values of Ds at quench points for the variable tem-
perature model are about one-fourth of the values for the con-
stant flame temperature model. The quenching limit curves
for different propellant properties were computed for the
constant flame temperature model and are shown in Figs.
6-8. The critical depressurization parameter decreases as
Ahw decreases. In other words, a propellant is easier to
quench when the surface reaction is exothermic, all other fac-
tors being the same. It also becomes easier to quench as the
activation energy of the gas phase reaction decreases and as
the reaction order increases.

Discussion

The present one-dimensional theory predicts that burning-
rates during depressurization should be smaller than the
steady-state burning rates at the corresponding chamber pres-
sures. Such behavior has been observed experimentally.2

The computed critical depressurization parameters Ds for a
typical experiment (Pz/P\ = 0.1) can be taken from Fig. 5,
for example:. The values of Ds are 1..85 for the constant flame
temperature model and 0.45 for the variable flame tempera-
ture model. For typical propellants, these values correspond
approximately to depressurization rates of 160,000 and 33,000
psi/sec Ciepluch2 observed a critical depressurization rate of
70,000 psi/sec for a typical ammonium perchlorate propellant
burning at a chamber pressure of 500 psia. Hence, both
models give answers that are the right order of magnitude.
It has also been observed that the critical time for a quench is
independent of the initial pressure when the experiments are
conducted with a motor that has a fixed free volume and pro-
pellant surface area. In this experiment, the depressurization
rate, and P%/Pi are related. Using the definition of Ds, this
relation is given by

Fig. 7 Effect of variation of activation energy of gas phase
reaction on quench limit (constant flame temperature

model). Same initial conditions as in Fig. 2.

which is consistent with these experiments. The trend of this
curve agrees with the quenching limit curves of Ref. 1. The
present theory goes one step further, however. If the quench-
ing limit curves on the Ds ~ P%/Pi plane are obtained for the
same propellant but with different motors, they will fall on the
same curve so long as depressurization rates are controlled in
the same way.

In this study, the propellant surface temperature is assumed
constant. If a functional relationship between the surface
temperature and the burning rate is available, the present
theory can accommodate this with slight modifications.

Conclusion

The present model suggests that burning rates of solid
propellants during depressurization are lower than steady-
state values because of the slow temperature readjustment in
the solid. The flame temperature decreases considerably dur-
ing depressurizations. Both the constant flame tempera-
ture model and the variable flame temperature model give the
depressurization rates needed to quench propellants that are
consistent with the experiments.

Ds = C8/{(l/r - l)2«/(l-m)^(l+«)/(l+m)} (45)

<73 is a constant determined by the propellant properties and
the motor geometry. If t* is assumed to be constant, Eq. (45)
gives the quenching limit curve on the Ds ~ P*/P\ plane,

Fig. 8 Effect of gas phase reaction order (and pressure
dependence of burning rate) on quench limit (constant

flame temperature model).
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Sensitivity Analysis of Discrete Filtering and
Smoothing Algorithms

R. E. GRIFFIN* AND A. P.
SMU Institute of Technology, Dallas, Texas

Two problems that occur when filtering or smoothing methods are applied to an actual
problem are the choice of the prior statistics and the choice of a mathematical model for the
system. The model must be complete enough for an adequate description of the system and
also sufficiently simple that the resulting algorithms are computationally feasible. A major
tool both in analyzing the effects of these choices and in making the best choice is a sensitivity
analysis of the algorithms required in the solution of the filtering and smoothing problems.
This investigation presents a sensitivity analysis of the error covariance matrices of the dis-
crete smoothing problem. Algorithms are developed for matrix sensitivity functions for both
large and differential errors. Two examples are presented to illustrate the use of the given
algorithms: a, linearized version for the in- track motion of a satellite traveling in a circular
orbit, and a simplified version of an error model of a long-term inertial navigation system
which might be used for marine application.

Introduction

DISCRETE versions of time-domain nonstationary filter-
ing and smoothing techniques have proved useful in a

wide variety of practical problems. Examples of these prob-
lems are estimation of satellite trajectories and optimal
utilization of navigational data. Fundamental discussions of
both the filtering and smoothing methods appear in Refs. 1
and 2. Difficulties arise from two main sources in practical
applications. These sources are the selection of the prior
statistics and the choice of a relatively simple mathematical
model of the process which is to be filtered or smoothed. A
major tool useful in analyzing the effects of these choices is a
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sensitivity analysis of the algorithms required in the solution
of discrete filtering and smoothing methods.

Sensitivity of filtering techniques for large errors has been
investigated by Fagin,3 Nishimura,4'5 and Heffes6 for discrete
processes. The purpose of this paper is to present what is
believed to be the first sensitivity analysis of the discrete
smoothing problem as well as a more complete analysis of the
discrete filtering problem. Algorithms are presented which
allow the computation of matrix sensitivity functions for both
large errors and small or differential errors.

Mathematical Models
The process is assumed to be represented by the linear vec-

tor difference equation
x(k) = 3>(k,k - l)x(k - 1) + G(k - l)w(k - 1) (1)

where x(k) is a state vector of dimension n, 3>(k,k — 1) is the
n X n state transition matrix, G(k — 1) is an n X r matrix,
and w(k — 1) is a stochastic input vector of dimension r.
Also, linear measurements are assumed to be available in the
form

z(k) = H(k)x(k) + v(k) (2)
where z(k) is a measurement vector of dimension m, H(k) is


